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Chapter 1 


Introduction 


Mobinstanelormations ace mappings fom the comple ple to lf f the 


1) 


bee bed Canad be #0. We vets to abd © By then 7 preserves BP 


etemine which transormation iitherhypebobe, lipicor parabolic These ements 
wil givesoe background on hyperbolic rome, thn define what Pacts prope ar 
Thi wil ead st conser the geometry of fundamental regan Diselet regis sd 
Fed epons We wil se ie Sonate ile pla portant ole is se conten 


Chapter 2 
Hyperbolic Geometry 


"Thi chapter goes preliminary backgroud ca yperbaic geometry: We wilane 
ko sce hae ometros a geod play an portant ele sou at. Finally, me 


2.1. The Hyperbolic Metric 


The hyperbolic pane isles Gamiior metre space than the Bulan plane 
‘An itroduction to some ofthe sie properties wl be al Bo ha martes with 
the Euclidean plane: ‘Theta one t-oaecuresponince betes pit a al the 


tec. 


to be fel) =r and els)=y. The conjugate of = died to be 


"The upper half plane modelo te hyperbole plane isthe metric space contig of 


the ope a pls 
BE {(ea) eREn> Oh = (2 Cilmi > 0} 


Inthe upper bal pane mot, the hypestolic length ofa curve. , which is parumetied 
Iya liferentiale veto vloed fnction 


FS GtLMt, @stsd 


sey= [FT 


am 
Thi metric va ay fing the eta curves nd were this with an example 


Example 2.1.1. Soppise 


Cy) and By = (2.40). To compte the hyperbole 


Ieogth of the line seguent dented by [PP we will paranetie this segment by 
Ps tthw stem, Then 


ney = [Ea 


‘The hyperbolic distance Hetmcen to points ands theif ofthe 
Ayperic lengths of al picewie diferntabe curves going rm ty ein denoted 


x28) = inhi es om st sa) 


Definition 2.1. The st finer fractional transformations of 2, ale known as Mabie 
Aranaformations iso the frm 


In adtion to peering cle, angles and ymmnety thew mapping pe oe 
teone an onto. Bor exc w ere sane and nly one = that tap: oa, This le 
 cansider finding the verse of such mappings. elo me da that, we want to have 
2 imple way to view the transformations. We will wes matrices to help give wen 


lgsheie pint of ew, 20 we can we i to diconer geometric properties 


Definition 22. Let 


HEB eer bod eR ond ad — 


fe] 
eal 


These rasfrmitions form group. To canine ounces, we ca show the trator 
tions meet all the reise to bea group. Carspestion of Mabie tranoretins 
is another Mins ransrmation, These transormations have inverse became the d= 
‘erminant is 1 ad the entity tunformation is simply the acne deity mati, 
Finally, the asaciatve property allom ine composition of mae x always aii 
Definition 2.3. The special linear group, SL{2, Bs the group of 2 2 with deter. 
Definition 2.4. The projective special linear group, PL(2,B)~ SL(2,R)/{ 41s}, 

evs aw pte ample of he aceite mstrie of Moin eanlormatons 
och example wil ave determina 


Example 2.1.2, 


Example 2.1.3, 


Example 21.4 


‘Example 2.1.5, Let hea Euldcan cle oa senight lin orthogonal othe elas, 
‘which ects the real aint some ite point. We mod ike to show the anaormatin 


1m) hes 


‘4 Mobias transfrmation, and for a sitable# map Lb imaginary ain, What this 


sents to  abuming T  ofthe or 


tee a= 


an its determinant i Hence, ea Matin transformation 


fini 


ym 2.5, Let f be a betive mapping btoren to foploial spaces, We say if 


{and it inverse f-! are cotinons, then fi sd to be homeomorphism. 


‘Theorem 2.6. PSL(2,B) acts on BE by homeomorphums 


Proof, Lt w =T\s) = 36 € PSLI2.R). Then 


pe EME) ae bade es 
Ted 7 


that 
ois) 
aR 


Since Ine} > 0 ln) > 0, th shoes PSL(2,) acts a . Since Y=) ating 


i its invere econ, the theorem now Slows 0 


Definition 2.7. A transformation af onto tf i called ani 
the hyper dates 


metry if preserves 


Section 2. tic t dst he eos of PSL(2R) sc Lter. Ho 
cr for the rpms a oe eat prof the destin of mete ies, ‘The set af all 
‘ometre ofthe upper lf plane to be Kaen) 

‘Theorem 2.8, PSL(2.8) Clown) 


Pron An application of he chin rule wll bow this lyperblc length i indepen 
‘the parametrization of Since all traneormations in PSL{2, R) map HP titel 


vee mat to ahow 69 v4 2 i a pec deratiahefaetion in then for ay 


a 


‘ PSLA2,B) we have MEG) = hy) 


te ales) elas +) 
Teta EE 


aad hence 


Tins, 


wre) 


(ae pgs 


a 


fied to be tac of 


A srometial msning ofthe trace fantom lows to Sent what type of 
transrmation we ate werkng with and inmediatly kno wit acts the per all 


2.2 Geodesies 


Bcd somes the sorter curve joining we pst the ine segue 
ith tha to pointe a eaupoints, This ubuction defines and decry the shortest 


cures ofthe perbae plane, which are ao koa a sees 


Definition 210. A geodesic between ‘wo points sn HE isa path of misma length 


Proposition 2.2.1. ‘Two pints nH cam he joined By a wnique groves andthe by 
etl itaner between those points is equal to te hypebole length of the unique 
rode eget conmrcting them, ‘This wil he denoted by 
in 


sehen ae 


‘Theorem 2.11, The genesics i are semiciles and stright line orthogonal ta the 


real axis 


Pron, (This pro ofthis tore can be sen in [Bont] or [Kt 


Figure 21: The hyper ngth of great 


o 


Example 22.1, Let b= 
the eal is 


10<4 <r). Then, Lina geo toga to 


Figure 22: The went Lisa gros in 


Example 222. Lt = {r=1|y>0}. Thon, La godenc and cert rthogonal 


Ao the el ani 


igure 23: Vestal ine i gene in 2 


Corollary 2.12. ffs end =) ore 


tntint ponte 32, hen 
x28) = das) ten) 


Fond only 


leis: Th a omsopuce af the tangle nouaity 
‘Example 2.2 "Tale the example see in fgue 2.1. Suppor there i point betes 
in aod ib and all, where <<, Then the cooly app, 

2.8 Isometries 


‘The hyperbole plane has many symeto andSl that strc se 
the Bucldeas plane ths nace, we wll deine and doeribe the suctee f BE 


In or discs, we wll explain hat all ometees of are exactly of the fem 


bee ad He = 1 and ashe € 


Bxample 25.1, Let 80 2 dei by 
len) = tee ty) 


This isometry ic known athe homotheties transformation, which sao known 2s 


‘i 


example 2.8.2, Let 6B 4H deine by 3s) 


(etsy, fr some © B 
This known a the Horizontal translations tranaformation, which sak aneber 


xample 2.3.8 Let 6:84 HE dened ly = +42 The tranwormation election 


eros the yas, whic another somety of 


Example 2.34. The standard inversion, or simpy inversion, cron the ni ile 
‘hich defied by 29) 


geist) i ances isometry” In general, aversion 


1. Pixon any fom Kt Pn 
2k KPA 


‘nbee Ks the centr ofthe cle and isthe rine of the ice, 


Definition 21. A truformation of HP sx call conformal, fo preacres angles, 
nd antccomformal, if preseres the aca aes of angles, but changes the sos 


Example 2.5. Homothrtic and barinatal rations ae coral tranoeatins 


Example 2.6. laverion i an ant conformal easformtion 


24 Hyperbolic Area and Gauss-Bonnet 


Definition 2.14, Fore subct A CHP, we define (lathe hyperaicaea of A by 


{fh idee ext. 
“Theorem 2.15. The hyperbolic ares ntarianunderallansormations is PSU{2.B) 
ACHE, A) eis, and T © PSL(2.R), then p(T(A)) = Hl 

Example 24.1, Let's find the hypesboic ar by enlewating the integral one the reson 
ahve the semicile 


ai between = “I tor = 1. Then 


i he 
[ie -) 


|e 


f —a 


funtion hn disconintie at r= 1 and = 1 Conse he to integrals 


Loe 


We wl sun up the integral to gt the aren ofthe gion. We take advantage of 


symmetry and jst eval one, We ce that 


I= Sima) +O 


whee C it x contant. Then, 


int) ~ sn 


sore E-0-3 
Then, by aymmetry we also have § forthe oer neal and ere the ar of the 


A type msde polygon isn clad set of BP bonded by byperbtic 
role segments Iw ne scents intersect, ten he poi of stencil 
a vertex ofthe polygon. If Uke wstics ate atc or othe el asi, these wero 
are not ideal points. If pogo hae erties anys RU (2c}, we say that 
‘the polygon i an ideal polygon. ‘There are fou types of perl tials, which 
depends on how many vertices log to RU {2c} 


SF 


: 
2 


igare 20: Hyperbolic tangle with 1 alpine 


Figure 210; Hypebole triangle wth 2 ideal pnts 


Va 


Figuse 211: Hypeble triangle wth ideal ponte 


‘Theorem 2:16. (Gouer Bonnet) Le A be the yperoe tangle wth angles 08.9 
Then 


Beione we se some examples, it is portant tomate that foe of the wero 


alongs to RU {2} then the ange at eis verte wil be zero 


Example 2. 
sree ae the vertical linc 1 and 0 joning to can the oer the sei with 


Let T be x hyperbole triangle with verties at —1,0 and 20. The 


(joining 1. Then al ehoe angle ge zero since ll erties are Heal. Thi ranges 


simile to that of gure 211. Then, hy the Gas Bonne theaea, we have 


Ha) =»=0-0-0=5. 
Sine all wertone wee in RU (), is an ideal tingle. Example 24.1 i an example 
an ea tingle, 


Example 2.43, Let T bea hyperbolic tangle with 2 vertices in RU (0). Let ws 


‘astm one vertex it 2 an the le ton thereat, Lt he Hid verter be at 


angle of § This range i sini to that of igute 210, Then, by the Ge Bonnet 


Example 24.4. Let Thea bypenali tangle with 1 wrtexin RU (se). Let we anae 
the vetes ie. Let the oer two vertcos have angles of $ and § repetvely: Tass 


‘winger to that of Sure 29. ‘Then, bythe Gs Honan there 


Chapter 3 
Fuchsian Groups 


thee types of gro have, We wll lo distinguish the elements of PSL(2R) by the 
te dicrete an properly dsootinanes, Fall, we will ical properties of 


3.1 The Group PSL(2,2) 


‘These ae ype of ements in PSL(2R) and by the wale af ts tare me a 


1 (PrER)| <2, then an elite tanforation. 
SL ToEn)| > 2 thew aber tanaormation 


Example $1. Let Hawa the value of tac, 7 ype 


Example $1.2. Let 


222 ud onthe value ofits rae, 7 lic 


Example 3.15. Let 


vith ahd € Rand ad—be= 


he type traneormation ha two Be 


points in Ru {sc}, ane repute and one ata,» parsboic tranafrmation has one 


‘ed pint 2 RU (2). An elite tranormation hava pai of comaste ead points 


sl Uhre co fel pnt xB, We wl irate this with fw example 
xcample SALA. Let ae Bl the cd pt ofthe saformation 


+ 


where a BER So 


pee ae ae 


= swab = 


1. thea parable an the ly Sed point 2 a> 1, ee by the 


‘ale of the trace i peri and he econ el pin x, 


‘Example 31.5. Let Sl the fd pnts ofthe lpi rarnation 


Setting 7 


sa sping Pe fn 


lating = an slong or =e Bl hat 


This shows the transformation has » pir of conjugate ied pints and one of ther xin 
0 

Definition 3.1. A geodene nH? jing the to endpoints ofthe byperite tno. 
mation i alle the ain of Ton we denote # CT) 


‘Example $1.6. Let Sl the fc pats a perbai tanaormation 


1)= 


By the ura rma, wed tha he Se points a 7 ae == -3.4¥F and —} 


Therefore, the grodesc connecting thee fied pints she ai of the transirmatin, 


Piguet he ae f the taalormaton 


3.2 Diserete and Properly Discontinuous Groups 


le ths oulretion, we deli what a Fach group Sand does what st 
‘means to be lay Hite and property dicumtinoons We aba deca the obit and 


tlalices of Fetian grep. 


Definition 3.2. A sinerete subyup of ond) is lel « Peta Group, fc 


of orentaiosprsering tresformations. A Puchson group is discrete subgroup 
of PSL 


‘Example $2.1, The modalar group PSL(22) i diate sarap of PSB) asd 
ee Pein er 


Example 9.2.2. The gronp PSL(2,Q) na mulgsump of PSL(2R), ba it x ater 
Here toca pp, 


xample 9.2.3, The st filer trations (7) 


noe) a Potsan 


‘Example 3.2, The set of all anasto (Te) 


$6) be R) is 2 Pin 


ry seit im dnt 


Definition 3:3. A family {Mg |= A of abaets of Nines by elements of «wt A 
‘ele! locally finite f for amy compact rule! KCN, MVE for only tly 


any oA 


Definition 3A. For « group G endfor © X, fly Gx = (ols) | 9 6G} eal 
(he Guonbit ofthe paint =. Bach pont of Gre contained with a maliphty egal athe 
onder of G, the sabilicer of = 6. 

Example 3.2.5. Let Ibe the eyei subgroup of PSL(22)geaeatd by 


Let Bd the eit ad stabilizer off the lpi teaafomtion, Since Ths order 


thie means the obit of ca he abana by evauating 
TH, FO, MO, TH)=s 


Since Ti) = ical elements oT =< > i, these the saiie cP and he oi 


‘Example 3.2.6. Let Ibe the yei ubgroup of PSL(22) generated by 


Let fit ont and stabi of  Hete ha nite ones. Since we lo knw 7 
{dilaton transformation, we canoe wl tae innitely far in pstve pans and 


il rave infitly coe tthe igi, 


monk monk mo-. 


Therefore, the sabiicr of the Wentity clement, © Pan the obit fa nabet 


Figure $2: Orie of or P13) 


Example 3.2.7. Let Ihe the ei ubsroup of PSL(2R) generated by 


Let find ori and sail of for this rasformation. Since ha int nde, we 


an got an en of whe 7 takes iby evanting 


4a 


Pea. TOA Te 


Therefore, the stain of i the Sentient € Pan the obit of boo the 


Page i: Orbit foe 712) == +1 


Definition 2.5, We soy thal «group G acts properly discontinuously on X yf the 
Gort of any pont © X ts lelly fe 
Lemma 3.6. Let G bea group that is properly ducontinuous sw 2. Them for ack 
eH G, o fine 
‘Theorem 8.7. A group G acts property discontinuously of X 3 and only if ach oie 
6X has enetghorhood V suck that 

ruven 
Jor only fstely many T © 6. 
(Phe proof thi hare eld be found in Kt 
‘Theorem 8.8, All hyperiolic and parle yeti subgroups of PSL(2R) are Puchsan 
sroups, Am elipic eye subgroup of PSL(22) s+ « Buchan group of end only if se 
ste 
Example 22.8, Examples 32, 325 and $26 ae Facksian groups, ‘To convince 
cutee, conden an comet suet cll A athe intensction any at 


the orbit will be Site. Thus, these eye groups ae prope dicontinsoly on HE 


since the orbits are lclly Gite 


3.8 Algebraic Properties of Fuchsian Groups 


es his subection. we wil take an algebra point of view to deeibe Paka 
soups. We wl lok st centealies of parababi eliptie and hyperbole elements of 


PSL(2.2R) and examine tei properties. 


Definition 3.9. If ss any group andy ©, then he centralize of 9 0 dein 
by 
Cola) = {he G) ba = ah} 


Lemma S10. Y SP =S, the S maps the fed point st of Tt stele 


Proof. Soppese that Seo, that, T(p) =p. Then 


in) 


S19) = 7519) 
tha Sip) i aio Be by 0 


We nom wil look at centealizes of prabol, eliptic and hypebole ements 
of PSL2B) 


41, We won 


‘Example 3.1 Fora parabolic cena, tw eomsder =) 
tof a8 € PSL{2.R) such that ST'= 7, By the previ emma, we kw Swi map 
the Sard pois of T to all. Since pra, this mean (=) = 2. Hence, SS 
the form 


Sie)sazob 


aod ST 


sive a= 1. Theor, the S we desir Ss) == + A where eR 


‘Example 2.3.2, For a ypeshoic centralizes, let consider (=) = 2s. Obwerve (0) 


be We would keto nd §¢ PSL(2R) such that SP = TS. Since 


sie) 


bese n> 1 Conse 


Baas | 


which ipl 


Thee, by dis 


Chapter 4 
Fundamental Regions 


Dirichlet repos an the ord seen. We wil lo examine the Sea of metic itl, 


4A Definition of a Fundamental Region 


the quotient space X/P. For our purpose, thors regions for toto on 2 ba 


Definition 4.1. A clon region F.C Xs aida bea fundamental region fora soup 
Gif he following conditions bali 


1 Unco HO)=¥ 
sucasdes wo (ft )) uncGem sagas 


B= (2 CHP] 0< Refs) < 1} Th sa example ofa fadamental eon ease te 


nom fal tage of with Fs inde all of B® ‘The eesti of al ators Fae 


‘opty. Elman of Gf tramdate et and sight by integer increments a shown i gr 


Ad and 12 


Figue Inteection of tally dina regia wal be empty 


Figure 42: Union of repre fT G soe BP 


ema tna. ta (|! yee 


© HE | O-< Refs) < $). This & mot a fndamental rg Became fae 


= HE | 0-< Hes) < 4) and et 


cuition 1. The union fall ages with F docs nt giv al of 


igo 44: Un frei for Twill mot give 


(hier 


(© 4). This mot a fnamental rep boca fe 
coniition 2. The internet of ll interioswith Fe ot empty: We ean ae aad 
218) ely bree 1 < He) <5 


(= eB 0 < fete) < 3) and be 


igare A: Regions ox at mtvaly dnote T eG 


enmple 41.4, Let @ (f ‘me rot eB |1ere20cbea} 


sl et be the open set of ine. Then, Pina fame reponse he an 
al dhe rg forall © wil yield HP. The etemectin of mata daa reples 
Joel © Gok F wl i pty 


igure 46: AMuely disjoint regions for Te G wl beep 


4.2 The Dirichlet Region 


et Peas ariteary Polson Group an et » © 8 eno by an lent 
fE~ (14}, We wll define the Dirichlet segom fr centered at p oe the ae 


eM |ale9) <a Tp) eal TET) 
Definition 4.2. A perpendicular bisector ofthe gradeie segment [5 the urine 
grades hough we, the midpoint of e.2) orthgonal to 


2 
Definition 43. Wew 


dence the perpen hsertor ofthe geen segment. Tp) 
by £ (0) andthe bypertelc half plane containing pix dented by Hy(2). Therefore, am 
uit defination for the Dire region i en by 


D4) =0m (7) 


Jor Te ond 1 2 U 


gry 


o 1») 


fic) 


Pigue 47: Hyperbole half plane contains 


Example 42.1 Let P=PSL(22) and et 
ter an the Mei iP Let 
Diels 


2, Ober pi a al by ny ele 
HP | its $). Then a 


‘igure 4. Diet Reson ener a 2 


Weamethat Fas tne yodaie ea of F ave y(t), ly) and Ly) 
‘whee Tan 8 ae the met 


‘Tose thin, we apy the tranarmations T and its iavese T—! tthe pint 26. 
nape 2640 2+ 1 and 1 epctoely "The et str to take the peepee 
ecto th seg [221 — Jane 226+ 3) "Th perpendiaae bets eo thee 

= =} and fe) = 4. Pinay. we want to shade the bal plane 
containing, 25 with rept tothe hovetors, IE we continue to apy 402, we wast 
take the interseton ofthe shade gems forall. Stal, wed te sane with the 
tanatcmation 8. Obecve tha Si of der, which ena gv the soceqnting 
‘ati eaaration Here, $ tahoe wat the perpecalar hector 
fe sesent (24) ‘The pint of the agate we want to sade the eon 
bie the eer oe atin 


seggents at Hels) 


Recample 422, Let P< 7/7 
see ah 


25> and let p=, ‘The, the Delt ren 


‘igure 40 Die eg ented a 


4.3 Isometric Circles 


th meek, ot tls el iin ht prion We 
ko wil ee geoerelly ie ome cls of tanaormation Tact wih the o- 
snes deka of 7}, Weil then tani ta ening the met ice af the 
‘eit dit baa the model prude cust way to compte the Fur epan 


= (ee +9 the lealy Breen 


lent ae sealed by IP + d-® Tia, lrally Buea area ix sae by 


les+a-*. The Buco ara of regions ate aot altered mage if and ony if 
estat 


Proposition 43:1 Let T(2) = BE wth © 0, ther oe of adh a= ele 


) 


Ha) = {ze les 


nee the center sf and rads 


Proof We will show 1(7) a cicle with comer ~# and rdion 
Consider les +41 = Len, 


Sle tl 


Siete +a) 


a yerdrew VE 


soteiee 


Thi tas the form af «Evel cle with enter (~#.0) and adie 0) 


ih £0, then lous of such a= eee 


FEC |fee—al=2) 


cher the enter and radi 
Definition 4.5. These (2) ee called inometric circles 


We pint ot the rads ofthe metric cls of  trafanmations Pad T=! 
are equal, Let consider sme examples ad ace how pera and elite ements 


Aide wth thir espective omer les, 


Example 45.1. Let Ts) = 3 be the hypeshoic tralian, Then 


) 


1ay= (ze Clle+a 


‘bee the center x2 and the radi i 


Example 45.2. La 


be the elipic ranfrnation. Then, 


n= {rece u i 


bee the center sand thesia 


igure 411; lems cles or lpi rasformation 


Example 45.8. Let Ms) == 41 Observe 


We ee that 7° is parabolic with ¢= 0. This means tere i no unique ci wth the 


‘metre property since 2 Bad point 


In thor examples, nese geometrically how sometic tle of act with the 
1. When J(7) and 1(0~!) intersect, 7 lip: 
2. When 1(P) and C7!) do aot tenet, is hypebolie 


Definition 4.8, The anit dish defined to be 


The map 


{1-1 map of 2 and provides an isometry onto BE 


We nor tur our attention ama rom the upper bal panes othe wit dk ode 
The proprtio of bometric dle ae preserve nthe dk model, The mination bind 
the eve i fo be ale tome the eric les inthe dine mel o construct Fors 
egies he dink model provides spl way to compte these regions, Fit, we wil 


Proposition 4.3.2. The grap of orientation pescring ometric of the wat dak se 


where ae C and ae = 1 


Example 43.4, Let 7(2) = $2224 be an venation presving ranlormaton ofthe 
it dik, Then, 


(see) |@+292+3/=1) 


ne the center 


Figure 112: Lomctreccles foroneattion pestering traaslemtion of the wi die 


The rst ofthis section Pill bea discrete group of restaton preserving 
Swometre ofthe uit dake We wil alo aman €# fer ll ements the poup 


Definition 4.7. The clnue ofthe st of pont x the wat ds, abc ee exterior to the 


sete ce fal trnsformations the group (ob the Ford fundamental region. 


4.4 Computing a Ford Region 


le this suction we compute Por Regan with an espht example A Bord 
gi triton of the Diet Hepoa, which a Fundamental reson. We tale 
Dirichlet Regions ta the ise model, ‘The parpne fr this transom Uh coweiet i 


rode for performing computations and issn tans 


‘Theorem 4.8. Any orientation pressing isometry ofthe wnt disk i an imerson 
‘ H(E) followed bya reflerton inthe tag ne L, the Burden bear between the 


centers ofthe isomeric icles 1) and (2), 


Aik fellmed anes refection ca staton, The seaegy eto me oti matrices 
to prodace metric cles. The ace ofthese omer cies became theses of the 


Ispebobe octagon ne wil eonaruc. The group wil be generated by 4 ene 


‘Example 4.1. Caps the crrepoauing mates ofthe oretation prserving ae 


-G+D¥ 


The comesponing ttre cicle a center (EEE and the raion ey 


Figure 415: The sumetsie cee or and 7! 


The transformation tht tales the iemetsc cic 1(7) ko (7) the one in 
‘comple 4.41 by theorem 47, Lat be (0) sotated by $ and et C* be (2) stated 
ly $ We want to find teanfrmation that ape C to C' We ete fr these cilox 
cise they bly frm dept onstrate region. Tod the talon 


that mape C to C%, we wil onder the rotational matics 


Sie rtation san ometry, we wl onder the mati, AHA ‘This anaemic 
tales the circle C to the ccle Ta ae thi, we apply M to the cle. hie jt 
rotates back to I(T) by. Appling T maps C to (2). Baal, appbing the 
tronskrmation A! to C tates it hy at maps to Ca enn Sie 14. We 


‘te the Encdean bisector between the enters of C and the pas 


‘Figure 414 7 maps the cine © 19 C* 


Coninsing with tha do, let a onder 


nea [ i 


The transformation “HP take cele Ato cre 4 To ae this we aly tothe 
circle A, This map A back to J(7) by =r, Then applying maps A to 1). Finally, 
oping V~* maps to a” by rotation of =. Thos eles form another side ping 
The Bacenn bisector of he centers of and A! he lney 


Figure 4.15: 7 maps the eel Ato A? 


nally consider rotation tanloraation 


Now, the felling transformation P-HPP maps B to BY By the sme reasoning, 
spply Pt the dele Band thi op (7 by rottin of —3F. Then, weap 
this ape Bo JEP!) Ball Wy aping #P-! hi ape B 40 BY by otto of 
This forms te at side pring snl he Eels bisector af the centers of I and Bs 


the pais 


igure 4.16: T maps the ere £ bo 


Since there an ieomctey mapping to the unit dk, the hyperbolic wetagon 
4 th ni ds ve angles of $. Thi heat the ange a he rg aly the 
Gauss Boast theorem the other ta angles are 3. Furthermore, the tea of ec af the 
peri ingles 


‘Theorem 4.9. The Ford Hogon sa fndamenal ron for 


‘Theorem 4.10. Let (7,) lew abet of F consisting af thave cements which par the 
sides of some fed DinicetHegion P. Then, (1) wat of generators for 


Pron, (The pro of thse theres canbe seen in (Kt) o 


(What we have in igure 4.7 Dice Rego nthe uit sky tore 49 
“Tam the side ping tanformations generate the etite group. ‘The tanoetins 
TACHA, NOHPN and FUT ae the corsponinggeacratos by throes 410 
heels, by definition, the Ferd segon i the cose st of pits tate oad the 
‘notre crcl ime the unit dit fal transfrmation. ‘The Bed region is shown 
elo. 


igure a7 The eed Heo 


‘Wee that thi gure a kperbalic octagon. Since al eight en ar are of 
the ces ofthe sane eles eads of equal Karen length, theses Heat 
lea gooeator ee the someti iho the generat a ite amen. ‘Thi perc 


octagon sve pertic stractine om ga 2 rae 


Chapter 5 


Conclusion 


In this thes we gan dscaing the Bypeolenctee. We ealeaatd hyper. 
atic lengths and distances, We abo dicuwed Mobis taforrations and how thee 
‘ronarmations ca be eked at alebeiclyby their anwciatd mates. The trace of 
9 notre dete which ment PSL(2.R) ae hyperbolic, lite or parable 

We dscusel how to find the Sse points of thse elements, We deed what 
Fuchsia groupe were and gave examples of them grmetially and algebra. We 
Ascaed what tant to be propery dcontinaous and showed examples of eye 
seven groupe and their obits an stabilizers, We saw sme algsraically popes: 
‘of Fachsian groupe and it was shown tht elements of PSL(2.R) coment and ony if 
they share theme fied pits, 

‘We inaly ke tse examples of fundaentl regions and Dil repo. 
We then dei what Ford demain war and gave a example of one We sa hw 
the relationship betmeen emetic ies and the renaton preserving tanformations 
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